We study magnetic field effects on spontaneous Fermi surface symmetry breaking with d-wave symmetry, the so-called d-wave "Pomeranchuk instability". We use a mean-field model of electrons with a pure forward scattering interaction on a square lattice. When either the majority or the minority spin band is tuned close to the van Hove filling by a magnetic field, the Fermi surface symmetry breaking occurs in both bands, but with a different magnitude of the order parameter.
I. INTRODUCTION
Usually the Fermi surface (FS) respects the point-group symmetry of the underlying lattice structure. However, recently a symmetry-breaking Fermi surface deformation with a dwave order parameter, where the FS expands along the k x direction and shrinks along the k y direction, or vice versa, was discussed in various two-dimensional interacting electron model on a square lattice, the t-J, [1, 2, 3] Hubbard, [4, 5, 6] and extended Hubbard [7] model. This d-wave type Fermi surface deformation (dFSD) is often called d-wave Pomeranchuk instability, referring to Pomeranchuk's stability criterion for isotropic Fermi liquids. [8] However, the Fermi surface symmetry breaking can happen even without breaking such a criterion, since the instability is usually of first order at low temperature. [9, 10] Moreover, the new concept of the Fermi surface symmetry breaking is applicable also to strongly correlated electron systems such as those described by the t-J model. [1, 2, 3] The dFSD instability is driven by forward scattering processes of electrons close to van Hove points in the two-dimensional Brillouin zone. The instability is thus purely electronic and the lattice does not play a role.
As a result, symmetry of an electronic state is reduced from C 4v to C 2v , while the lattice retains C 4v symmetry as long as no electron-phonon coupling is considered.
The dFSD competes with superconductivity. Several analyses of the Hubbard [11, 12] and t-J [1, 3] model showed that the d-wave superconductivity becomes a leading instability and the spontaneous dFSD does not happen. However, appreciable correlations of the dFSD remain. [13] As a result, the system becomes very sensitive to a small external xyanisotropy and shows a giant response to it, leading to a strongly deformed FS. This idea was invoked for high-temperature cuprate superconductors. [1] In particular, the recently observed anisotropy of magnetic excitations in YBa 2 Cu 3 O 6+x [14] has been well understood in terms of dFSD correlations in the t-J model. [15] Although the reduced symmetry due to the dFSD is the same as the electronic nematic phase proposed in the context of the so-called spin-charge stripes, [16] the underlying physics is very different. The Fermi surface symmetry breaking does not require the assumption of charge stripes, but is driven by forward scattering processes of electrons. The dFSD provides an essentially different route to the nematic phase.
Although a spontaneous dFSD has not been proposed for cuprates because of the competition with the d-wave singlet pairing, [1, 3] [19] However, the material is close to a ferromagnetic transition, which was suggested by the strongly enhanced uniform magnetic susceptibility with a large Wilson ratio, [20] uniaxial-pressure-induced ferromagnetic transition, [21] inelastic neutron scattering, [22] and band structure calculations. [23, 24] By applying a magnetic field h, Sr 3 Ru 2 O 7 shows a metamagnetic transition at h = h c , around which non-Fermi liquid behavior was observed in various quantities: resistivity, [25, 26] specific heat, [26, 27, 28 ] thermal expansion, [29] and nuclear spin-lattice relaxation rate. [30] This non-Fermi liquid behavior was frequently discussed in terms of a putative metamagnetic quantum critical end point (QCEP), and in fact Sr 3 Ru 2 O 7 was often referred to as a system with a metamagnetic QCEP. [31] However, after improving sample quality, the hypothetical QCEP turned out to be hidden by a dome-shaped transition line of some ordered phase around h c . [17] While a second order transition was speculated to occur around the center of the dome, a first order transition was confirmed at the edges of the transition line and was accompanied by a metamagnetic transition. Grigera et al. [17] associated this instability with the spontaneous dFSD, which turned out to be consistent with a large magnetoresistive anisotropy recently observed inside the dome-shaped transition line. [32] Any first order transition as a function of a magnetic field is generically accompanied by a metamagnetic transition, which follows from the stability of the thermodynamic potential.
This was demonstrated in the case of the first order dFSD transition in connection with
[33] Quite recently we showed that the most salient features observed in Sr 3 Ru 2 O 7 , not only the metamagnetic transition but also the phase diagram and the non-Fermi liquid like behavior of the uniform magnetic susceptibility and the specific heat coefficient, are well captured in terms of the dFSD instability near the van Hove singularity without invoking a putative QCEP. [34] We also predicted anomalies associated with the dFSD instability in the temperature dependence of the magnetic susceptibility and the specific heat. [34] The main purpose of this paper is to expand our previous paper about the dFSD instability in the presence of a magnetic field. [34] It is particularly interesting to perform a comprehensive analysis of magnetic field effects on the dFSD instability, since a magnetic field is often employed as a tuning parameter of a quantum phase transition. A naive ques-tion may be whether a QCEP is realized for the dFSD instability as for the ferromagnetic instability. [35, 36] The phase diagram of the dFSD is known to be characterized by several universal numbers, [10] which can be compared directly with experimental data. It is then interesting also how the universal numbers evolve in the presence of a magnetic field.
We analyze the dFSD instability in the charge channel in a one-band model on a square lattice. The model describes electrons interacting via a pure forward scattering interaction driving the dFSD in the presence of a magnetic field (Sec. II). We solve this model numerically in Sec. III and investigate the weak coupling limit analytically in Sec. IV. In Sec. V, we discuss the reported phase diagram for Sr 3 Ru 2 O 7 [17] as well as relations to other scenarios such as a QCEP, [31, 35, 37] phase separation, [38] and magnetic domain formation. [39] Section VI is the conclusion. In Appendix A, detailed features of the dFSD phase diagram are presented.
In Appendix B, we analyze the dFSD instability in the spin channel, often called spin-dependent Pomeranchuk instability, which shows exactly the same phase diagram as in the charge channel.
II. MODEL AND FORMALISM
We investigate the dFSD instability in the charge channel under a magnetic field on a square lattice. The minimal model reads
where n kσ = c † kσ c kσ counts the electron number with momentum k and spin σ; c † kσ (c kσ ) is an electron creation (annihilation) operator; µ is the chemical potential; N is the number of lattice sites; h is an effective magnetic field and is defined as h = 1 2 gµ B H where g is a g-factor, µ B is Bohr magneton, and H is a magnetic field. For hopping amplitudes t and t ′ between nearest and next-nearest neighbors on the square lattice, respectively, the bare dispersion relation is given by
The forward scattering interaction driving the spontaneous dFSD has the form
with a coupling constant g ≥ 0 and a d-wave form factor d k = cos k x − cos k y . This ansatz mimics the structure of the effective interaction in the forward scattering channel as obtained for the t-J, [1] Hubbard, [4] and extended Hubbard [7] model. For h = 0, this model and a similar model were studied in Refs. 10 and 9, respectively.
We decouple the interaction by introducing a spin-dependent mean field
which becomes finite when the system breaks orientational symmetry and is thus the order parameter of the dFSD. The mean-field Hamiltonian reads
where
Here the σ-summed mean filed η = σ η σ enters ξ kσ , and thus a finite η σ in general induces a finite η −σ ; the magnetic field is absorbed completely in the effective chemical potential
The grand canonical potential per lattice site is given by
By minimizing Eq. (7) with respect to η, we obtain a self-consistency equation
We consider the solution with η ≥ 0, since the free energy Eq. (7) is an even function with respect to η. The self-consistency equation is written also as
Note that our Hamiltonian (1) does not allow momentum transfer, and thus the mean-field theory solves our model exactly in the thermodynamic limit.
III. NUMERICAL RESULTS
LDA band calculations [23, 24] for Sr 3 Ru 2 O 7 without a magnetic field showed that the electronic structure is similar to that for the single-layered material Sr 2 RuO 4 except that there are six FSs because of the bilayered structure. Since the dFSD instability is driven by electrons near the van Hove points on a square lattice, we focus on the FS closest to k = (π, 0) and (0, π), and mimic such a FS by choosing t ′ /t = 0.35. For h = 0 the bare dispersion has the van Hove energy at 4t ′ = 1.4t, from which we measure the chemical potential µ. We take g/t = 1 for numerical convenience, but the result for g/t = 0.5 shall be mentioned in the context of Fig. 4 . We set t = 1 so that all quantities with dimension of energy are in units of t, and consider a region of h ≥ 0 in this paper since the result is symmetric with respect to h → −h and σ → −σ. However, the suppression saturates for larger h, leading to a finite T vH c , where we obtain a phase diagram similar to Fig. 1(a) . That is, neither a quantum critical point (QCP) nor a QCEP of the dFSD is realized by the magnetic field, which we will further discuss in Sec. IV.
IV. WEAK COUPLING LIMIT
The dFSD instability occurs around the van Hove filling and thus the transition is dominated by states with momentum near the saddle points of ǫ 0 k . In the weak coupling limit, therefore, the mean-field equations can be treated analytically by focusing on the state near the saddle points, similar to the analysis in Ref. 10 in the absence of a magnetic field. Since the magnetic field is absorbed completely in the effective chemical potential µ σ = µ + σh, we can extend such an analysis to the present case by allowing the σ dependence of the chemical potential. The chemical potential µ is measured from the van Hove energy at h = 0 so that µ σ = 0 indicates that the σ-spin band is at the van Hove filling. We first determine a zero temperature phase diagram in the plane of (µ, h), and then investigate T c suppression by a magnetic field, µ dependence of typical quantities characterizing the phase diagram, and the limit h → ∞.
A. Zero temperature phase diagram
Following the analysis in Ref. 10 , the self-consistency equation Eq. (8) is written as
whereḡ = 2mg/π 2 is the dimensionless coupling and ǫ Λ = Λ 2 /(2m) is a cutoff energy; m is the effective mass near the van Hove energy and is related to the hopping integrals t and t ′ .
The grand canonical potential is then given by
It is not difficult to see that Eqs. (10) and (11) are symmetric with respect to interchange of h and µ, that is, the magnetic field h plays exactly the same role as the chemical potential µ.
We focus on the region 0 ≤ µ < h and introduce rescaled variablesη = η/h andμ σ =μ + σ withμ = µ/h. Equation (10) then reads
with a renormalized coupling constant
Similarly Eq. (11) is written as ω(η; µ, h) = 2m π 2 h 2ω (η;μ), wherẽ
and the energy is shifted such thatω(η = 0;μ) = 0.
At zero temperature, the dFSD transition is usually of first order as we have seen in
Figs. 1(a) and 2. The first order transition is determined by solving Eq. (12) andω(η;μ) = 0 numerically for a givenμ, yielding a solution η 1 and g 1 . A corresponding magnetic field h 1 is then obtained from Eq. (13) 
B. T c suppression by a magnetic field
A magnetic field suppresses the dFSD transition temperature [ Fig. 4(b) ]. Here we clarify key factors of this suppression.
Since the dFSD transition is of second order as a function of T at the van Hove filling, the T c is obtained by linearizing the right-hand side of Eq. (8) with respect to η, namely
where we introduce
a weighted density of states averaged over an energy interval of order T around µ σ ; p is an even integer; f ′ is a first derivative of Fermi distribution function with respect to ǫ 0 k . In the weak coupling limit [10] , Eq. (17) reads
No p dependence appears on the right-hand side, since we have redefined
(cos k x − cos k y ) in the present analysis in the weak coupling limit [10] so that |d k | = 1 at k = (π, 0) and (0, π), namely at the saddle points of ǫ 0 k . The van Hove filling of the σ spin electron band is set by choosing
We consider the σ =↓ case, namely for µ > 0 and h > 0. Since
we obtain
where a(0, T ) = log[2e γ /(πT )] with Euler constant γ ≈ 0.577. Defining a rescaled variablẽ h T = h/T , we may write
where ζ(h T ) increases monotonically withh T , and ζ(0) = 0 and ζ(h T ) = ζ(−h T ). Substi- 
is the critical temperature for h = 0; the corresponding magnetic field is obtained as h =
. We evaluate ζ(h T ) numerically and show in Fig. 6 Fig. 4(b) .
that is, the suppression of T 
where N 4 is defined in Eq. (17 
withμ T = µ/T . Similarly Eq. (28) is written in the weak coupling limit as
It is easy to observe that Eqs. (30) and (31) Although universal ratios are obtained in the weak coupling limit, these numbers also characterize well the phase diagram for a relatively large g. For example in Fig. 1(a) , 
D. Large h limit
For a larger µ, each quantity in Fig. 7 (a) approaches a certain asymptotic value. In addition, the universal ratios in Fig. 7(b) converge to the same values as those at µ = 0. To understand such asymptotic behavior, we consider T 
The gap equation Eq. (16) then yields
That is, the dFSD transition occurs even for h → ∞ under the condition of h = |µ|, although
is suppressed a factor of e −1/(2ḡ) compared to the case of h = 0. Since the other spin band is fully occupied (empty) for µ → +∞ (µ → −∞), only one spin band is subject to the dFSD instability. Therefore in the h → ∞ limit, our model is reduced to a "spinless" fermion On the basis of the present results, we discuss in more detail the reported phase diagram for Sr 3 Ru 2 O 7 . [17] Since no experimental evidence of a symmetry-broken phase was obtained at h = 0 and LDA band calculations [23, 24] showed that the van Hove energy is located above the Fermi energy, corresponding to µ < 0, we expect that the chemical potential µ is away from the van Hove energy, but rather close to it, for example µ ≈ −0.4 for the parameters shown in Fig. 4 . Figure 1(a) is a representative phase diagram of the magnetic field-induced dFSD instability, which is very similar to the reported phase diagram. [17] The maximal T c in the experiment is about 1 K, which is much smaller than the energy scale in Fig. 1(a) . The coupling constant g in Sr 3 Ru 2 O 7 is thus expected to be very small. In the weak first one is consistent with our result Fig. 7(a) ; the value of the second one is comparable with Fig. 7(b) ; as for the last one, however, the discrepancy is by a factor of 10 if we assume g = 2.
While the field-induced dFSD instability is well analyzed in the present model, further Inclusion of a magnetic interaction in our model may also be necessary, since Sr 3 Ru 2 O 7 is expected to be close to a ferromagnetic transition. [20, 21, 22, 23, 24] This is suggested also by comparing Fig. 1(g) with the experimental data. [17] In Fig. 1(g Insights into the k z dispersion will be obtained from further detailed LDA calculations. [23, 24] The dFSD instability was discussed in basic lattice models such as two-dimensional t-J, [1, 2, 3] Hubbard, [4, 5, 6] and extended Hubbard [7] model, and can be a generic tendency near van Hove filling in correlated electron systems. [41] Hence the dFSD is an interesting possibility when the Fermi energy is tuned close to the van Hove energy in other materials also such as Sr 2−y La y RuO 4 [42] where La-substitution introduces electron carriers and makes the FS closer to the van Hove point. However, La introduces some disorder in the RuO 2 plane; its effects should be considered carefully, since the physics near the van Hove singularity may in general depend strongly on sample purity. In fact, the specific heat coefficient for low T in Sr 2−y La y RuO 4 [42] shows different behavior from that in Sr 3 Ru 2 O 7 although both systems are expected to be nicely tuned close to the van Hove filling. It is interesting to investigate impurity effects on the dFSD instability by chemical (electron) doping to Around the van Hove filling, various ordering tendencies such as antiferromagnetism, ferromagnetism, superconductivity, and d-density wave develop, [11, 12] and compete with the dFSD instability. Since the dFSD instability is suppressed by a magnetic field and its suppression is controlled by g ∝ mg [see Eq. (27)], the absolute values of the effective mass and the coupling constant are crucial to the possible dFSD instability over other instabilities.
In this sense, microscopic derivation of m and g as well as magnetic field dependences of other instabilities are important future issues.
Some order competing with the dFSD instability is in fact expected in Sr 3 Ru 2 O 7 . While the experimental phase diagram [17] is very similar to our result Fig. 1(a) , the closer comparison between them reveals a difference of slope of the first-order-transition line. In the experiment, the edges of the first order line are shifted to the center of the phase diagram so that the dFSD state is stabilized in a narrower region for lower T . This can be interpreted as development of some ordering tendency for lower T in Sr 3 Ru 2 O 7 , which then suppresses the dFSD instability. Although a different interpretation was given in Ref. 17 , a theoretical result consistent with this interpretation was indeed obtained in the case of competition of the dFSD and superconductivity. [43] It should be kept in mind that even if the dFSD instability does not become a leading instability, the system can still keep appreciable correlations of the dFSD. to be studied whether a concept of a metamagnetic QCEP can be a good basis to discuss electronic properties in Sr 3 Ru 2 O 7 and how the putative QCEP can be related to the dFSD instability and the van Hove singularity. In this sense, it is important to clarify whether the anomalous T dependence of the resistivity observed around the metamagnetic transition [26] can be explained in terms of dFSD fluctuations and the van Hove singularity or whether we have to invoke quantum fluctuations originating from some QCEP.
Different scenarios from the dFSD and the QCEP were proposed for Sr 3 Ru 2 O 7 , microscopic phase separation due to Coulomb energy [38] and magnetic domain formation due to long-range dipolar interactions. [39] In our analysis, we employ the ground canonical ensem- [ Fig. 8(b) ], the overall shape of the phase diagram is the same as that shown in Fig. 2 , but a first order line appears for high T near h = 0, accompanied by a tricritical point. As a result, a first order transition happens as a function of T in a sizable h region. This is a very special case in our model since a first order transition as a function of T is usually realized in a very limited h region as seen in Figs. 1(a) and 2.
These peculiar types of the phase diagrams are understood from Fig. 5(a) or similarly from Fig. 4(a) . The first order transition line in Fig. 5(a) is almost straight near |µ| ≈ 1.3ǫ Λ e −1/(2ḡ)
[µ ≈ −0.34 in Fig. 4(b) ]. Therefore we can have an extended h region of the first order transition as seen in Fig. 8(b) . When we look at closely the region near |µ| ≈ 1.3ǫ Λ e −1/(2ḡ) and h 0.54ǫ Λ e −1/(2ḡ) (inset of Fig. 5 ), the first order transition line turns out to have a small inward curvature. This is why a symmetric phase is intervened between the two dFSD phases in Fig. 8(a) .
We have analyzed the d-wave Fermi surface symmetry breaking in the charge channel.
From the point of view of Landau Fermi liquids, we can consider Fermi surface instability also in the spin channel. This possibility was pursued in several references [45, 46, 47, 48] The minimal model for the spin-dependent dFSD reads
, and the rest of notation is the same as the model (1). Since the interaction has SU(2) symmetry and the magnetic field is assumed to be applied along the z direction, we assume that the S z component can have a finite expectation value. Defining a mean field
we obtain the mean-field Hamiltonian
The grand canonical potential per lattice site thus reads
In the second line, we have introduced
noting that d k changes its sign with respect to k x ⇆ k y so that σd k in the original ξ a kσ can be written as d k in Eq. (B6).
Comparing Eqs. (B5) and (B6) with Eqs. (7) and (6), respectively, we see that the free energy becomes exactly the same under the following mapping,
Hence the thermodynamics in the spin channel of the dFSD is the same as that in the charge channel in the sense that we obtain the exactly the same results as Figs. 1(a) and (e)-(h) under the mapping (B7). The difference appears in the "internal" structure of the order parameter and in a deformation of the FS. In the spin channel, we can write Fig. 9(b) ; note that the deformation is determined by η a , not by η a σ . As a result, the net deformation of the band is partially compensated. This is a crucial difference from the dFSD instability in the charge channel.
The recent experiment by Borzi et al. [32] showed a strong xy-anisotropy of the magnetoresistivity by applying an additional small magnetic field to the RuO 2 plane. This strong anisotropy may be discussed more naturally in terms of the dFSD instability in the charge channel rather than the spin channel. A conclusive discussion on which channel is more dominant would be to study microscopic deviation of the dFSD attractive interaction in both charge and spin channel in the context of Sr 3 Ru 2 O 7 and to compare the strength of the each channel. in Fig. 1(a) . 
